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Quantized vortices have been observed in a variety of superfluid systems, from 4He to condensates
of alkali-metal bosons and ultracold Fermi gases along the BEC-BCS crossover. In this article we
study the stability of singly quantized vortex lines in dilute dipolar self-bound droplets. We first
discuss the energetic stability region of dipolar vortex excitations within a variational ansatz in
the generalized nonlocal Gross-Pitaevskii functional that includes quantum fluctuation corrections.
We find a wide region where stationary solutions corresponding to axially-symmetric vortex states
exist. However, these singly-charged vortex states are shown to be unstable, either by splitting
the droplet in two fragments or by vortex-line instabilities developed from Kelvin-wave excitations.
These observations are the results of large-scale fully three-dimensional simulations in real time.
We conclude with some experimental considerations for the observation of such states and suggest
possible extensions of this work.
PACS numbers: 67.10.Ba, 67.10.Fj, 67.85.Bc, 67.85.De, 67.85.Fg, 67.85.Hj
I. INTRODUCTION
Quantized vortices are a direct manifestation of the
genuine quantum behavior of superfluid systems. A
prime example is superfluid helium, which has been
widely studied over the past decades. Ultracold quantum
gases offer the possibility to investigate vortex properties
in a complementary regime in terms of particle numbers,
interaction strength, and range [1, 2] with either bosonic
[3] or fermionic [4] atoms. Dipolar condensates may also
display vortex excitations with peculiar properties as a
consequence of the long range and anisotropy of the inter-
actions [5–8]. For a three-dimensional condensate with a
vortex line and in the presence of a periodic potential,
the spectrum of transverse modes may display a roton-
like minimum [9, 10], which destabilizes the straight vor-
tex and leads to a transition from vortex into helical or
snakelike configurations [11, 12].
Theoretical models of superfluid states of ultracold
gases at zero temperature are usually based on well-
established mean-field approximations which accurately
describe experiments [13], ranging from analytic treat-
ments and variational approaches to full numerical simu-
lations. Corrections beyond the mean-field picture have
been measured for strongly interacting Bose gases [14]
and for ultracold fermions along the BCS-BEC crossover
[15] and compared with ab initio quantum Monte Carlo
calculations.
The recent observation of ultradilute self-bound
droplets both in dipolar condensates [16–22], as well as
in two-component Bose mixtures [23], together with a
combined theoretical effort, established the importance
of the fundamental role of quantum fluctuations in ul-
tracold atomic systems [24–38]. Yet, no work has in-
vestigated the presence and stability of vortex states in
self-bound droplets in ultradilute liquids.
Helium droplets hosting several quantized vortices
have been recently observed [39] and studied in detail
theoretically [40–43], both in pure samples and in the
presence of impurities. The scales are, nevertheless, com-
pletely different. Helium droplets can be easily taken as
a homogeneous, infinite superfluid background since vor-
tices are much smaller compared to the system size (given
the large interaction strengths).
Droplets in quantum ferrofluids are very anisotropic,
and vortex cores are expected to have a size comparable
to that of the whole droplet. Here we address the issue
of stability and dynamics of singly quantized vortex lines
in dipolar droplets for a wide range of dipolar interaction
strengths and particle numbers. We carry out large-scale
fully three-dimensional simulations, which allow for an
efficient determination of energies and shapes of droplets
as well as their dynamics. We find a strong anisotropy
of such droplets, very elongated along the polarization
axis. For small particle numbers, droplets are dynam-
ically unstable towards splitting in two droplets where
angular momentum is redistributed into surface collec-
tive excitations [44]. For larger sizes we do not observe
splitting, yet vortex lines display bending for long times
[12, 45–48]. We conclude with a discussion of a possi-
ble experimental implementation and observation of our
findings with current experimental setups.
II. METHODS
The dynamics of an untrapped dipolar Bose-Einstein
condensate is described by a generalized non-local Gross-
Pitaevskii equation,
i ~ ψ˙ =
(
−~
2∇2
2m
+Kint(r) + gLHY|ψ|3
)
ψ, (1)
where ψ(r, t) is the BEC wavefunction. Kint(r) =
gc|ψ(r)|2 +
∫
dr′ Vdd(r − r′)|ψ(r′)|2 describes the con-
ar
X
iv
:1
71
0.
08
72
5v
2 
 [c
on
d-
ma
t.q
ua
nt-
ga
s] 
 18
 A
ug
 20
18
20.1 0.2 0.3 0.4 0.5 0.6 0.7
e 1dd
101
102
103
W
id
th
s
w
i
(u
ni
ts
of
a d
d)
wr
wz
0.1 0.2 0.3 0.4 0.5 0.6 0.7
e 1dd
101
102
Vo
rt
ex
co
re
(u
ni
ts
of
a d
d) N
5⇥103
1⇥104
1⇥105
vortex core widths 
(a)
0.1 0.2 0.3 0.4 0.5 0.6 0.7
e 1dd
101
102
Vo
rt
ex
co
re
(u
ni
ts
of
a d
d) N
5⇥103
1⇥104
1⇥105
(b) (c)
FIG. 1. (a) Stability diagram of an axisymmetric droplet with a vortex line. Density plot of the energy per particle of self-
bound solutions hosting a vortex as a function of ε−1dd and N calculated using the variational Gaussian wave function (2). The
thick black line corresponds to EV = 0. Energy is in units of E0 = ~2/(ma2dd). The yellow square and the green triangle
correspond to (N, ε−1dd ) = (10
4, 0.2) and (105, 0.1) coordinates, respectively, used in Fig. 2 to characterize the dynamics. (b),(c)
Characterization of droplets hosting a vortex line. (b) Size of the vortex core scaled by the dipolar length as a function of
ε−1dd and for N = 5 × 103, 104, 105 particle numbers. Full dots correspond to energy minima of the Gross-Pitaevskii energy
functional. (c) Longitudinal (wz) and horizontal (wr) droplet size as a function of ε
−1
dd for the same particle numbers as in (b).
In (b) the vortex core size is defined as the distance from the origin to the point where the density reaches 90% of its maximum.
In (c) the radial (axial) width is defined as the mean length wr(z) ≡ (wi + we)/2, where wi and we are the distances between
the points where the density reaches, respectively, 90% and 10% of its maximum value along the radial direction (along the
vertical, peak-density line). In all panels lines are variational results, and dots are numerical results for stationary solutions of
Eq. (1), imposing a vortex with azimuthal symmetry (see text).
tact and dipolar mean-field interaction of the conden-
sate. Here gc = 4pias~2/m is the contact interaction
strength, with as being the s-wave scattering length, and
Vdd(r) =
Cdd
4pi
1−3 cos2 θ
r3 is the dipolar potential. Cdd =
µ0µ
2 ≡ 12pi~2m add is the dipolar coupling constant, µ is
the magnetic dipole moment, θ is the angle between r
and the vertical axis (polarization axis of the dipoles),
and add =
µ0µ
2m
12pi~2 is the dipolar length. The parameter
εdd = add/as is the ratio of dipolar interaction to the s-
wave interaction strengths, defining stability of a uniform
condensate in the Bogoliubov approach when εdd < 1
[5]. Quantum fluctuation corrections to the mean-field
energy for a uniform dipolar condensate are introduced
in Eq.(1) by a Lee-Huang-Yang–type (LHY) term, with
coefficient gLHY =
128
√
pi
3
~2a5/2s
m
(
1 + 32ε
2
dd
)
[27, 28, 49].
Energetic stability of dipolar droplets in trapping poten-
tials have been studied in a number of works. A sta-
bility diagram for droplets in free space was proposed in
[26] via a Gaussian ansatz and checked against numerical
simulations. The variational approach well describes col-
lective properties of the condensate, such as the energy,
the shape close to the instability region, and excitation
spectra [29].
III. ENERGETIC STABILITY DIAGRAM
We begin our study with the static properties of vortex
lines introducing a variational wave function
ψV (r) =
(
22`+3N
pi
3
2σ2`+2ρ σz
) 1
2
ρ` ei`φ e
−2
(
ρ2
σ2ρ
+ z
2
σ2z
)
, (2)
where N is the particle number and ρ the radial coordi-
nate [50]. The choice ` = 0 corresponds to a state with
no vortex, whereas for ` > 0 the state has ` quanta of cir-
culation. In this work we specialize to the case of ` = 1,
and leave the investigation of multicharged vortices to a
separate study. In Eq. (2) the widths of the condensate
σρ and σz are variational parameters to be determined
via a minimization of the full energy functional associ-
ated with Eq. (1). Therefore, we compute the rescaled
energy
EV
E0
= 1Nσ2z
(
1 + 4y2
)
+ 2
√
2
pi
1
2 σ3zy
2N
(
ε−1dd − g(y)
)
+ 8192
√
2
625pi5/4
1+ 32 ε
2
dd
ε
5/2
dd N
2
,
(3)
where E0 =
~2
ma2dd
, y = σρ/σz, g(x) = f(x)+3x f
′(x)/8+
x2 f ′′(x)/8, and f(x) = 1+2x
2
1−x2 − 3x
2arctanh
√
1−x2
(1−x2)3/2 [5]. The
resulting minimization of Eq. (3) is shown in Fig. 1(a) as
a function of ε−1dd and particle number N . For compari-
son we show the result of energy minimization for ` = 0
(dashed line) [26]. The shaded region below the full line
is the energetic stability region of a droplet with ` = 1,
which is shrunk compared to the ` = 0 case. Above the
solid line there is no minimum, and the minimum energy
state is a uniform solution with vanishing density [51].
IV. SHAPE OF DIPOLAR DROPLETS WITH A
VORTEX LINE
We proceed by characterizing the shape of the droplet
in the presence of a vortex for different particle num-
bers and εdd. In Fig. 1(b) we compute the vortex core
3FIG. 2. Real-time dynamics of droplets with vortex lines. (a), (b), (c) Splitting instability for N = 104 particles and ε−1dd = 0.2.
Snapshots of the dynamics at t/t0 = 0, 1200, 2000, where t0 = ma
2
dd/~. At intermediate time t = 1200 t0 droplets split in
two fragments moving at a finite (opposite) momentum and carry excitations with finite angular momentum. (d), (e), (f)
Vortex-line bending for N = 105 and ε−1dd = 0.1. Snapshots of the dynamics at t/t0 = 0, 600, 12 000. At initial times unstable
Kelvin-wave modes tend to split the droplet. After a transient dynamics, where part of the angular momentum is transferred
to surface collective excitations, the vortex line bends (t = 12 000 t0). See the full-dynamics video in the Supplemental Material
[68]. Notice the difference in the length scales between the axes of the N = 104 and N = 105 plots due to very strong anisotropy
and different droplet lengths. Results are obtained by solving numerically Eq. (1) on a grid size of 512× 512× 256 points.
size in units of add, whereas in Fig. 1(c) we plot the
horizontal and vertical widths wr and wz. The vortex
core size is defined from the origin over the z = 0 plane
to the point where the density reaches 90% of its maxi-
mum value. The droplet radial (axial) width is defined
as the mean length wr(z) = (wi + we)/2, where wi and
we are the distances between the points where the den-
sity reaches, respectively, 90% and 10% of its maximum
value along the radial direction (along the vertical, peak-
density line). Variational calculations are checked against
full numerical simulations of Eq. (1) in imaginary time
(dots in Fig. 1), exploiting the azimuthal symmetry of
vortex states, where we assume ψV(r) = e
iφΨV(ρ, z).
The problem reduces then to an effective two-dimensional
(2D) problem for the function Ψ(ρ, z) (solved over a grid
size of 512 × 256 points). To efficiently compute the ki-
netic term, we employ a discrete Hankel transform in the
radial direction (of first order, to impose the vortex node
at ρ = 0) and the usual fast Fourier transform in the
longitudinal direction [52]. In Figs. 1(b) and 1(c) lines
terminate at the spinodal point of Fig. 1(a) for the cor-
responding value of N . We notice that for a wide range
of interactions and particle numbers the vortex core is
of the same order of the radial width wr, and both are
always much smaller than the longitudinal width wz. All
lengths decrease slightly by increasing εdd for a fixed N .
For every simulation analyzed in Fig. 1, both ρ and z
domains were chosen to be at least twice as large as the
maximum extension of the droplet predicted by the vari-
ational approach (i.e., & 2σz). The application of an in-
teraction cutoff (as proposed in [53]) turned out to be
irrelevant in these large-domain cases, meaning that the
Fourier copies (of the periodically bound numerical box)
were sufficiently spaced, making artificial effects of the
long-range interaction negligible. We observe agreement
between the variational and numerical results for small
εdd and particle numbers. A discrepancy for large par-
ticle numbers and stronger interactions [as is the case of
ε−1dd < 0.2 and N = 10
5, see Fig. 1(b)] is expected due
to the combined effect of the limited validity of the vari-
ational ansatz as well as for resolution issues related to
the strong anisotropy of the droplet.
V. REAL-TIME DYNAMICS
A crucial issue, relevant for the experiments, is the sta-
bility of such vortex states in self-bound droplets. To ad-
dress this point we perform fully three-dimensional sim-
ulations in real time to take into account possible in-
stabilities which can break azimuthal symmetry (see be-
low). The input states at t = 0 are created from the
results of 2D imaginary-time relaxation described previ-
ously. These 2D solutions are interpolated to a grid of
512×512×256 points, thus generating three-dimensional
initial states [see Figs. 2(a) and 2(d)], slightly perturbed
with numerical noise.
In Fig. 2 we illustrate the prototypical real-time dy-
namics of a droplet with a vortex line at t = 0 for two
cases of condensates of N = 104 and N = 105 particles
with ε−1dd = 0.2 and 0.1, respectively. Time is measured
in units of t0 = ma
2
dd/~, which equals 0.12µs for 164Dy
and 0.03µs for 168Er. The blue shaded region is an isosur-
face cut of the magnitude of the pseudovorticity vector
ω = ∇Re (ψ) × ∇Im (ψ). This quantity is tangent to
the vortex line along its length and can be used to track
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<latexit sha1_base64="2mM6pzaRWWnOt2BXTkpoS1WuuIY=">AAAB/nicbVDLSgMxFM34rPU1Kq7cBIvQQmkzIuiyKAUXIhXsA9phyKRpG5rJDElGqEPBX3HjQhG3foc7/8a0nYW2HrhwOOde7r3HjzhTGqFva2l5ZXVtPbOR3dza3tm19/YbKowloXUS8lC2fKwoZ4LWNdOctiJJceBz2vSHVxO/+UClYqG416OIugHuC9ZjBGsjefZhtZy/rXqoUOwUb7zHsqk8Knh2DpXQFHCROCnJgRQ1z/7qdEMSB1RowrFSbQdF2k2w1IxwOs52YkUjTIa4T9uGChxQ5SbT88fwxChd2AulKaHhVP09keBAqVHgm84A64Ga9ybif1471r0LN2EiijUVZLaoF3OoQzjJAnaZpETzkSGYSGZuhWSAJSbaJJY1ITjzLy+SxmnJQSXn7ixXuUzjyIAjcAzywAHnoAKuQQ3UAQEJeAav4M16sl6sd+tj1rpkpTMH4A+szx84x5MS</latexit><latexit sha1_base64="2mM6pzaRWWnOt2BXTkpoS1WuuIY=">AAAB/nicbVDLSgMxFM34rPU1Kq7cBIvQQmkzIuiyKAUXIhXsA9phyKRpG5rJDElGqEPBX3HjQhG3foc7/8a0nYW2HrhwOOde7r3HjzhTGqFva2l5ZXVtPbOR3dza3tm19/YbKowloXUS8lC2fKwoZ4LWNdOctiJJceBz2vSHVxO/+UClYqG416OIugHuC9ZjBGsjefZhtZy/rXqoUOwUb7zHsqk8Knh2DpXQFHCROCnJgRQ1z/7qdEMSB1RowrFSbQdF2k2w1IxwOs52YkUjTIa4T9uGChxQ5SbT88fwxChd2AulKaHhVP09keBAqVHgm84A64Ga9ybif1471r0LN2EiijUVZLaoF3OoQzjJAnaZpETzkSGYSGZuhWSAJSbaJJY1ITjzLy+SxmnJQSXn7ixXuUzjyIAjcAzywAHnoAKuQQ3UAQEJeAav4M16sl6sd+tj1rpkpTMH4A+szx84x5MS</latexit><latexit sha1_base64="2mM6pzaRWWnOt2BXTkpoS1WuuIY=">AAAB/nicbVDLSgMxFM34rPU1Kq7cBIvQQmkzIuiyKAUXIhXsA9phyKRpG5rJDElGqEPBX3HjQhG3foc7/8a0nYW2HrhwOOde7r3HjzhTGqFva2l5ZXVtPbOR3dza3tm19/YbKowloXUS8lC2fKwoZ4LWNdOctiJJceBz2vSHVxO/+UClYqG416OIugHuC9ZjBGsjefZhtZy/rXqoUOwUb7zHsqk8Knh2DpXQFHCROCnJgRQ1z/7qdEMSB1RowrFSbQdF2k2w1IxwOs52YkUjTIa4T9uGChxQ5SbT88fwxChd2AulKaHhVP09keBAqVHgm84A64Ga9ybif1471r0LN2EiijUVZLaoF3OoQzjJAnaZpETzkSGYSGZuhWSAJSbaJJY1ITjzLy+SxmnJQSXn7ixXuUzjyIAjcAzywAHnoAKuQQ3UAQEJeAav4M16sl6sd+tj1rpkpTMH4A+szx84x5MS</latexit><latexit sha1_base64="2mM6pzaRWWnOt2BXTkpoS1WuuIY=">AAAB/nicbVDLSgMxFM34rPU1Kq7cBIvQQmkzIuiyKAUXIhXsA9phyKRpG5rJDElGqEPBX3HjQhG3foc7/8a0nYW2HrhwOOde7r3HjzhTGqFva2l5ZXVtPbOR3dza3tm19/YbKowloXUS8lC2fKwoZ4LWNdOctiJJceBz2vSHVxO/+UClYqG416OIugHuC9ZjBGsjefZhtZy/rXqoUOwUb7zHsqk8Knh2DpXQFHCROCnJgRQ1z/7qdEMSB1RowrFSbQdF2k2w1IxwOs52YkUjTIa4T9uGChxQ5SbT88fwxChd2AulKaHhVP09keBAqVHgm84A64Ga9ybif1471r0LN2EiijUVZLaoF3OoQzjJAnaZpETzkSGYSGZuhWSAJSbaJJY1ITjzLy+SxmnJQSXn7ixXuUzjyIAjcAzywAHnoAKuQQ3UAQEJeAav4M16sl6sd+tj1rpkpTMH4A+szx84x5MS</latexit> E
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)
<latexit sha1_base64="2mM6pzaRWWnOt2BXTkpoS1WuuIY=">AAAB/nicbVDLSgMxFM34rPU1Kq7cBIvQQmkzIuiyKAUXIhXsA9phyKRpG5rJDElGqEPBX3HjQhG3foc7/8a0nYW2HrhwOOde7r3HjzhTGqFva2l5ZXVtPbOR3dza3tm19/YbKowloXUS8lC2fKwoZ4LWNdOctiJJceBz2vSHVxO/+UClYqG416OIugHuC9ZjBGsjefZhtZy/rXqoUOwUb7zHsqk8Knh2DpXQFHCROCnJgRQ1z/7qdEMSB1RowrFSbQdF2k2w1IxwOs52YkUjTIa4T9uGChxQ5SbT88fwxChd2AulKaHhVP09keBAqVHgm84A64Ga9ybif1471r0LN2EiijUVZLaoF3OoQzjJAnaZpETzkSGYSGZuhWSAJSbaJJY1ITjzLy+SxmnJQSXn7ixXuUzjyIAjcAzywAHnoAKuQQ3UAQEJeAav4M16sl6sd+tj1rpkpTMH4A+szx84x5MS</latexit><latexit sha1_base64="2mM6pzaRWWnOt2BXTkpoS1WuuIY=">AAAB/nicbVDLSgMxFM34rPU1Kq7cBIvQQmkzIuiyKAUXIhXsA9phyKRpG5rJDElGqEPBX3HjQhG3foc7/8a0nYW2HrhwOOde7r3HjzhTGqFva2l5ZXVtPbOR3dza3tm19/YbKowloXUS8lC2fKwoZ4LWNdOctiJJceBz2vSHVxO/+UClYqG416OIugHuC9ZjBGsjefZhtZy/rXqoUOwUb7zHsqk8Knh2DpXQFHCROCnJgRQ1z/7qdEMSB1RowrFSbQdF2k2w1IxwOs52YkUjTIa4T9uGChxQ5SbT88fwxChd2AulKaHhVP09keBAqVHgm84A64Ga9ybif1471r0LN2EiijUVZLaoF3OoQzjJAnaZpETzkSGYSGZuhWSAJSbaJJY1ITjzLy+SxmnJQSXn7ixXuUzjyIAjcAzywAHnoAKuQQ3UAQEJeAav4M16sl6sd+tj1rpkpTMH4A+szx84x5MS</latexit><latexit sha1_base64="2mM6pzaRWWnOt2BXTkpoS1WuuIY=">AAAB/nicbVDLSgMxFM34rPU1Kq7cBIvQQmkzIuiyKAUXIhXsA9phyKRpG5rJDElGqEPBX3HjQhG3foc7/8a0nYW2HrhwOOde7r3HjzhTGqFva2l5ZXVtPbOR3dza3tm19/YbKowloXUS8lC2fKwoZ4LWNdOctiJJceBz2vSHVxO/+UClYqG416OIugHuC9ZjBGsjefZhtZy/rXqoUOwUb7zHsqk8Knh2DpXQFHCROCnJgRQ1z/7qdEMSB1RowrFSbQdF2k2w1IxwOs52YkUjTIa4T9uGChxQ5SbT88fwxChd2AulKaHhVP09keBAqVHgm84A64Ga9ybif1471r0LN2EiijUVZLaoF3OoQzjJAnaZpETzkSGYSGZuhWSAJSbaJJY1ITjzLy+SxmnJQSXn7ixXuUzjyIAjcAzywAHnoAKuQQ3UAQEJeAav4M16sl6sd+tj1rpkpTMH4A+szx84x5MS</latexit><latexit sha1_base64="2mM6pzaRWWnOt2BXTkpoS1WuuIY=">AAAB/nicbVDLSgMxFM34rPU1Kq7cBIvQQmkzIuiyKAUXIhXsA9phyKRpG5rJDElGqEPBX3HjQhG3foc7/8a0nYW2HrhwOOde7r3HjzhTGqFva2l5ZXVtPbOR3dza3tm19/YbKowloXUS8lC2fKwoZ4LWNdOctiJJceBz2vSHVxO/+UClYqG416OIugHuC9ZjBGsjefZhtZy/rXqoUOwUb7zHsqk8Knh2DpXQFHCROCnJgRQ1z/7qdEMSB1RowrFSbQdF2k2w1IxwOs52YkUjTIa4T9uGChxQ5SbT88fwxChd2AulKaHhVP09keBAqVHgm84A64Ga9ybif1471r0LN2EiijUVZLaoF3OoQzjJAnaZpETzkSGYSGZuhWSAJSbaJJY1ITjzLy+SxmnJQSXn7ixXuUzjyIAjcAzywAHnoAKuQQ3UAQEJeAav4M16sl6sd+tj1rpkpTMH4A+szx84x5MS</latexit>
(a)
<latexit sha1_base64="7ldx p1TrCBOl/7c5U/1Rj 34DSwI=">AAAB83ic bVDLSgMxFL1TX7W+q i7dBItQN2VGCrosun FZwT6gM5RMmmlDk8y QZIQy9DfcuFDErT/j zr8x085CWw8EDufcy z05YcKZNq777ZQ2Nr e2d8q7lb39g8Oj6vF JV8epIrRDYh6rfog1 5UzSjmGG036iKBYh p71wepf7vSeqNIvlo 5klNBB4LFnECDZW8u u+wGaiRIbnl8NqzW2 4C6B14hWkBgXaw+qX P4pJKqg0hGOtB56bm CDDyjDC6bzip5ommE zxmA4slVhQHWSLzHN 0YZURimJlnzRoof7e yLDQeiZCO5lH1KteL v7nDVIT3QQZk0lqqC TLQ1HKkYlRXgAaMUW J4TNLMFHMZkVkghUm xtZUsSV4q19eJ92rh uc2vIdmrXVb1FGGMz iHOnhwDS24hzZ0gEA Cz/AKb07qvDjvzsdy tOQUO6fwB87nD8guk YE=</latexit><latexit sha1_base64="7ldx p1TrCBOl/7c5U/1Rj 34DSwI=">AAAB83ic bVDLSgMxFL1TX7W+q i7dBItQN2VGCrosun FZwT6gM5RMmmlDk8y QZIQy9DfcuFDErT/j zr8x085CWw8EDufcy z05YcKZNq777ZQ2Nr e2d8q7lb39g8Oj6vF JV8epIrRDYh6rfog1 5UzSjmGG036iKBYh p71wepf7vSeqNIvlo 5klNBB4LFnECDZW8u u+wGaiRIbnl8NqzW2 4C6B14hWkBgXaw+qX P4pJKqg0hGOtB56bm CDDyjDC6bzip5ommE zxmA4slVhQHWSLzHN 0YZURimJlnzRoof7e yLDQeiZCO5lH1KteL v7nDVIT3QQZk0lqqC TLQ1HKkYlRXgAaMUW J4TNLMFHMZkVkghUm xtZUsSV4q19eJ92rh uc2vIdmrXVb1FGGMz iHOnhwDS24hzZ0gEA Cz/AKb07qvDjvzsdy tOQUO6fwB87nD8guk YE=</latexit><latexit sha1_base64="7ldx p1TrCBOl/7c5U/1Rj 34DSwI=">AAAB83ic bVDLSgMxFL1TX7W+q i7dBItQN2VGCrosun FZwT6gM5RMmmlDk8y QZIQy9DfcuFDErT/j zr8x085CWw8EDufcy z05YcKZNq777ZQ2Nr e2d8q7lb39g8Oj6vF JV8epIrRDYh6rfog1 5UzSjmGG036iKBYh p71wepf7vSeqNIvlo 5klNBB4LFnECDZW8u u+wGaiRIbnl8NqzW2 4C6B14hWkBgXaw+qX P4pJKqg0hGOtB56bm CDDyjDC6bzip5ommE zxmA4slVhQHWSLzHN 0YZURimJlnzRoof7e yLDQeiZCO5lH1KteL v7nDVIT3QQZk0lqqC TLQ1HKkYlRXgAaMUW J4TNLMFHMZkVkghUm xtZUsSV4q19eJ92rh uc2vIdmrXVb1FGGMz iHOnhwDS24hzZ0gEA Cz/AKb07qvDjvzsdy tOQUO6fwB87nD8guk YE=</latexit><latexit sha1_base64="7ldx p1TrCBOl/7c5U/1Rj 34DSwI=">AAAB83ic bVDLSgMxFL1TX7W+q i7dBItQN2VGCrosun FZwT6gM5RMmmlDk8y QZIQy9DfcuFDErT/j zr8x085CWw8EDufcy z05YcKZNq777ZQ2Nr e2d8q7lb39g8Oj6vF JV8epIrRDYh6rfog1 5UzSjmGG036iKBYh p71wepf7vSeqNIvlo 5klNBB4LFnECDZW8u u+wGaiRIbnl8NqzW2 4C6B14hWkBgXaw+qX P4pJKqg0hGOtB56bm CDDyjDC6bzip5ommE zxmA4slVhQHWSLzHN 0YZURimJlnzRoof7e yLDQeiZCO5lH1KteL v7nDVIT3QQZk0lqqC TLQ1HKkYlRXgAaMUW J4TNLMFHMZkVkghUm xtZUsSV4q19eJ92rh uc2vIdmrXVb1FGGMz iHOnhwDS24hzZ0gEA Cz/AKb07qvDjvzsdy tOQUO6fwB87nD8guk YE=</latexit>
(b)
<latexit sha1_base64="nxx7Rw148NGRsNH0XJp0X7IU3ME=">AAAB83icbVDLSgMxFL1T X7W+qi7dBItQN2VGCrosunFZwT6gM5RMmmlDk8yQZIQy9DfcuFDErT/jzr8x085CWw8EDufcyz05YcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfog15UzSjmGG036iKBYhp7 1wepf7vSeqNIvlo5klNBB4LFnECDZW8uu+wGaiRBbOL4fVmttwF0DrxCtIDQq0h9UvfxSTVFBpCMdaDzw3MUGGlWGE03nFTzVNMJniMR1YKrGgOsgWmefowiojFMXKPmnQQv29kWGh9UyEd jKPqFe9XPzPG6QmugkyJpPUUEmWh6KUIxOjvAA0YooSw2eWYKKYzYrIBCtMjK2pYkvwVr+8TrpXDc9teA/NWuu2qKMMZ3AOdfDgGlpwD23oAIEEnuEV3pzUeXHenY/laMkpdk7hD5zPH8m 0kYI=</latexit><latexit sha1_base64="nxx7Rw148NGRsNH0XJp0X7IU3ME=">AAAB83icbVDLSgMxFL1T X7W+qi7dBItQN2VGCrosunFZwT6gM5RMmmlDk8yQZIQy9DfcuFDErT/jzr8x085CWw8EDufcyz05YcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfog15UzSjmGG036iKBYhp7 1wepf7vSeqNIvlo5klNBB4LFnECDZW8uu+wGaiRBbOL4fVmttwF0DrxCtIDQq0h9UvfxSTVFBpCMdaDzw3MUGGlWGE03nFTzVNMJniMR1YKrGgOsgWmefowiojFMXKPmnQQv29kWGh9UyEd jKPqFe9XPzPG6QmugkyJpPUUEmWh6KUIxOjvAA0YooSw2eWYKKYzYrIBCtMjK2pYkvwVr+8TrpXDc9teA/NWuu2qKMMZ3AOdfDgGlpwD23oAIEEnuEV3pzUeXHenY/laMkpdk7hD5zPH8m 0kYI=</latexit><latexit sha1_base64="nxx7Rw148NGRsNH0XJp0X7IU3ME=">AAAB83icbVDLSgMxFL1T X7W+qi7dBItQN2VGCrosunFZwT6gM5RMmmlDk8yQZIQy9DfcuFDErT/jzr8x085CWw8EDufcyz05YcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfog15UzSjmGG036iKBYhp7 1wepf7vSeqNIvlo5klNBB4LFnECDZW8uu+wGaiRBbOL4fVmttwF0DrxCtIDQq0h9UvfxSTVFBpCMdaDzw3MUGGlWGE03nFTzVNMJniMR1YKrGgOsgWmefowiojFMXKPmnQQv29kWGh9UyEd jKPqFe9XPzPG6QmugkyJpPUUEmWh6KUIxOjvAA0YooSw2eWYKKYzYrIBCtMjK2pYkvwVr+8TrpXDc9teA/NWuu2qKMMZ3AOdfDgGlpwD23oAIEEnuEV3pzUeXHenY/laMkpdk7hD5zPH8m 0kYI=</latexit><latexit sha1_base64="nxx7Rw148NGRsNH0XJp0X7IU3ME=">AAAB83icbVDLSgMxFL1T X7W+qi7dBItQN2VGCrosunFZwT6gM5RMmmlDk8yQZIQy9DfcuFDErT/jzr8x085CWw8EDufcyz05YcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfog15UzSjmGG036iKBYhp7 1wepf7vSeqNIvlo5klNBB4LFnECDZW8uu+wGaiRBbOL4fVmttwF0DrxCtIDQq0h9UvfxSTVFBpCMdaDzw3MUGGlWGE03nFTzVNMJniMR1YKrGgOsgWmefowiojFMXKPmnQQv29kWGh9UyEd jKPqFe9XPzPG6QmugkyJpPUUEmWh6KUIxOjvAA0YooSw2eWYKKYzYrIBCtMjK2pYkvwVr+8TrpXDc9teA/NWuu2qKMMZ3AOdfDgGlpwD23oAIEEnuEV3pzUeXHenY/laMkpdk7hD5zPH8m 0kYI=</latexit>
(c)
<latexit sha1_base64="FmT zMH3bXZAHJph2K0h tBBV/a28=">AAAB8 3icbVDLSgMxFL1TX 7W+qi7dBItQN2VGC rosunFZwT6gM5RMm mlDk8yQZIQy9Dfcu FDErT/jzr8x085CW w8EDufcyz05YcKZNq 777ZQ2Nre2d8q7lb 39g8Oj6vFJV8epIr RDYh6rfog15UzSjm GG036iKBYhp71wep f7vSeqNIvlo5klNB B4LFnECDZW8uu+wG aiREbml8NqzW24C6 B14hWkBgXaw+qXP4 pJKqg0hGOtB56bmCD DyjDC6bzip5ommEz xmA4slVhQHWSLzHN 0YZURimJlnzRoof7 eyLDQeiZCO5lH1Kt eLv7nDVIT3QQZk0l qqCTLQ1HKkYlRXgA aMUWJ4TNLMFHMZkV kghUmxtZUsSV4q19 eJ92rhuc2vIdmrXV b1FGGMziHOnhwDS24 hzZ0gEACz/AKb07q vDjvzsdytOQUO6fw B87nD8s6kYM=</la texit><latexit sha1_base64="FmT zMH3bXZAHJph2K0h tBBV/a28=">AAAB8 3icbVDLSgMxFL1TX 7W+qi7dBItQN2VGC rosunFZwT6gM5RMm mlDk8yQZIQy9Dfcu FDErT/jzr8x085CW w8EDufcyz05YcKZNq 777ZQ2Nre2d8q7lb 39g8Oj6vFJV8epIr RDYh6rfog15UzSjm GG036iKBYhp71wep f7vSeqNIvlo5klNB B4LFnECDZW8uu+wG aiREbml8NqzW24C6 B14hWkBgXaw+qXP4 pJKqg0hGOtB56bmCD DyjDC6bzip5ommEz xmA4slVhQHWSLzHN 0YZURimJlnzRoof7 eyLDQeiZCO5lH1Kt eLv7nDVIT3QQZk0l qqCTLQ1HKkYlRXgA aMUWJ4TNLMFHMZkV kghUmxtZUsSV4q19 eJ92rhuc2vIdmrXV b1FGGMziHOnhwDS24 hzZ0gEACz/AKb07q vDjvzsdytOQUO6fw B87nD8s6kYM=</la texit><latexit sha1_base64="FmT zMH3bXZAHJph2K0h tBBV/a28=">AAAB8 3icbVDLSgMxFL1TX 7W+qi7dBItQN2VGC rosunFZwT6gM5RMm mlDk8yQZIQy9Dfcu FDErT/jzr8x085CW w8EDufcyz05YcKZNq 777ZQ2Nre2d8q7lb 39g8Oj6vFJV8epIr RDYh6rfog15UzSjm GG036iKBYhp71wep f7vSeqNIvlo5klNB B4LFnECDZW8uu+wG aiREbml8NqzW24C6 B14hWkBgXaw+qXP4 pJKqg0hGOtB56bmCD DyjDC6bzip5ommEz xmA4slVhQHWSLzHN 0YZURimJlnzRoof7 eyLDQeiZCO5lH1Kt eLv7nDVIT3QQZk0l qqCTLQ1HKkYlRXgA aMUWJ4TNLMFHMZkV kghUmxtZUsSV4q19 eJ92rhuc2vIdmrXV b1FGGMziHOnhwDS24 hzZ0gEACz/AKb07q vDjvzsdytOQUO6fw B87nD8s6kYM=</la texit><latexit sha1_base64="FmT zMH3bXZAHJph2K0h tBBV/a28=">AAAB8 3icbVDLSgMxFL1TX 7W+qi7dBItQN2VGC rosunFZwT6gM5RMm mlDk8yQZIQy9Dfcu FDErT/jzr8x085CW w8EDufcyz05YcKZNq 777ZQ2Nre2d8q7lb 39g8Oj6vFJV8epIr RDYh6rfog15UzSjm GG036iKBYhp71wep f7vSeqNIvlo5klNB B4LFnECDZW8uu+wG aiREbml8NqzW24C6 B14hWkBgXaw+qXP4 pJKqg0hGOtB56bmCD DyjDC6bzip5ommEz xmA4slVhQHWSLzHN 0YZURimJlnzRoof7 eyLDQeiZCO5lH1Kt eLv7nDVIT3QQZk0l qqCTLQ1HKkYlRXgA aMUWJ4TNLMFHMZkV kghUmxtZUsSV4q19 eJ92rhuc2vIdmrXV b1FGGMziHOnhwDS24 hzZ0gEACz/AKb07q vDjvzsdytOQUO6fw B87nD8s6kYM=</la texit>
(d)
<latexit sha1_base64="Erqq6howVthSX+nDx0yOCkBC1hc=">AAAB83icbVDLSgMxFL3j s9ZX1aWbYBHqpsyIoMuiG5cV7AM6Q8lkMm1okhmSjFCG/oYbF4q49Wfc+Tdm2llo64HA4Zx7uScnTDnTxnW/nbX1jc2t7cpOdXdv/+CwdnTc1UmmCO2QhCeqH2JNOZO0Y5jhtJ8qikXIaS +c3BV+74kqzRL5aKYpDQQeSRYzgo2V/IYvsBkrkUezi2Gt7jbdOdAq8UpShxLtYe3LjxKSCSoN4VjrgeemJsixMoxwOqv6maYpJhM8ogNLJRZUB/k88wydWyVCcaLskwbN1d8bORZaT0VoJ 4uIetkrxP+8QWbimyBnMs0MlWRxKM44MgkqCkARU5QYPrUEE8VsVkTGWGFibE1VW4K3/OVV0r1sem7Te7iqt27LOipwCmfQAA+uoQX30IYOEEjhGV7hzcmcF+fd+ViMrjnlzgn8gfP5A8z AkYQ=</latexit><latexit sha1_base64="Erqq6howVthSX+nDx0yOCkBC1hc=">AAAB83icbVDLSgMxFL3j s9ZX1aWbYBHqpsyIoMuiG5cV7AM6Q8lkMm1okhmSjFCG/oYbF4q49Wfc+Tdm2llo64HA4Zx7uScnTDnTxnW/nbX1jc2t7cpOdXdv/+CwdnTc1UmmCO2QhCeqH2JNOZO0Y5jhtJ8qikXIaS +c3BV+74kqzRL5aKYpDQQeSRYzgo2V/IYvsBkrkUezi2Gt7jbdOdAq8UpShxLtYe3LjxKSCSoN4VjrgeemJsixMoxwOqv6maYpJhM8ogNLJRZUB/k88wydWyVCcaLskwbN1d8bORZaT0VoJ 4uIetkrxP+8QWbimyBnMs0MlWRxKM44MgkqCkARU5QYPrUEE8VsVkTGWGFibE1VW4K3/OVV0r1sem7Te7iqt27LOipwCmfQAA+uoQX30IYOEEjhGV7hzcmcF+fd+ViMrjnlzgn8gfP5A8z AkYQ=</latexit><latexit sha1_base64="Erqq6howVthSX+nDx0yOCkBC1hc=">AAAB83icbVDLSgMxFL3j s9ZX1aWbYBHqpsyIoMuiG5cV7AM6Q8lkMm1okhmSjFCG/oYbF4q49Wfc+Tdm2llo64HA4Zx7uScnTDnTxnW/nbX1jc2t7cpOdXdv/+CwdnTc1UmmCO2QhCeqH2JNOZO0Y5jhtJ8qikXIaS +c3BV+74kqzRL5aKYpDQQeSRYzgo2V/IYvsBkrkUezi2Gt7jbdOdAq8UpShxLtYe3LjxKSCSoN4VjrgeemJsixMoxwOqv6maYpJhM8ogNLJRZUB/k88wydWyVCcaLskwbN1d8bORZaT0VoJ 4uIetkrxP+8QWbimyBnMs0MlWRxKM44MgkqCkARU5QYPrUEE8VsVkTGWGFibE1VW4K3/OVV0r1sem7Te7iqt27LOipwCmfQAA+uoQX30IYOEEjhGV7hzcmcF+fd+ViMrjnlzgn8gfP5A8z AkYQ=</latexit><latexit sha1_base64="Erqq6howVthSX+nDx0yOCkBC1hc=">AAAB83icbVDLSgMxFL3j s9ZX1aWbYBHqpsyIoMuiG5cV7AM6Q8lkMm1okhmSjFCG/oYbF4q49Wfc+Tdm2llo64HA4Zx7uScnTDnTxnW/nbX1jc2t7cpOdXdv/+CwdnTc1UmmCO2QhCeqH2JNOZO0Y5jhtJ8qikXIaS +c3BV+74kqzRL5aKYpDQQeSRYzgo2V/IYvsBkrkUezi2Gt7jbdOdAq8UpShxLtYe3LjxKSCSoN4VjrgeemJsixMoxwOqv6maYpJhM8ogNLJRZUB/k88wydWyVCcaLskwbN1d8bORZaT0VoJ 4uIetkrxP+8QWbimyBnMs0MlWRxKM44MgkqCkARU5QYPrUEE8VsVkTGWGFibE1VW4K3/OVV0r1sem7Te7iqt27LOipwCmfQAA+uoQX30IYOEEjhGV7hzcmcF+fd+ViMrjnlzgn8gfP5A8z AkYQ=</latexit>
FIG. 3. Numerical simulations. Tables (a) and (b) show the vortex core rcore, the longitudinal rz, and the transverse radius
rρ in units of add and the total energy per particle in units of E0 for the two points in the diagram of Fig. 1. They correspond
to the stationary state for (a) N = 104 and ε−1dd = 0.2, and (b) N = 10
5 and ε−1dd = 0.1. Results are obtained by solving
numerically Eq. (1) with imaginary-time evolution on a grid as large as 512× 256 points along the transverse and longitudinal
directions, respectively. The domain ranges are (a) ρ× z ∈ [−300, 300]× [−800, 800] and (b) ρ× z ∈ [−400, 400]× [−1000, 1000]
in units of add. Plots (c) and (d) show the energy and longitudinal angular momentum conservation along the dynamics of
Fig. 2 for the same particle numbers and interactions as in (a) and (b), respectively.
the numerical points corresponding to the vortex core,
where the zeros of the imaginary and real parts of the
wave function intersect [54]. The two dynamics display
very different features. For N = 104 the system develops
a splitting instability and divides in two droplets with
Nf ≈ N/2 at t ≈ 1200 t0, where Nf is the particle num-
ber of each droplet after splitting. For longer times the
two fragments move apart with opposite momenta and
display no residual vorticity. All initial angular momen-
tum gets transferred into collective surface excitations of
the droplets. For the larger system, splitting instability
starts to develop at the same time t = 600 t0; however,
the droplet does not fragment. At later times the conden-
sate restores a droplet-like configuration with the devel-
opment of Kelvin waves along the vortex line, eventually
leading to vortex bending for t = 12000 t0 and surface
excitations. We observe similar features, i.e., absence of
splitting and enhancement of surface excitations, also for
longer times. The shape of the bent vortex line resem-
bles the U -shaped excitations studied in [55], which were
shown to hold less angular momentum than a straight-
line vortex state, corroborating our description of angular
momentum being transferred to surface modes [see Fig. 2
(f)]. Since external torques on the droplet are absent, no
change of the angular momentum along any direction is
expected. Its necessary conservation means that angular
momentum had to be transferred from the vortex line
to surface modes. Numerically, a finer grid and larger
simulation box would be needed in order to preserve the
angular momentum along the vertical direction for very
long times. In Figs. 3 (c) and 3(d) we show the numerical
deviation of the energy and longitudinal angular momen-
tum for the two cases discussed above.
VI. EXPERIMENTAL CONSIDERATIONS
Vortices in ultracold atomic systems are controllably
created either by phase imprinting or via an effective ro-
tating potential generated by an applied laser beam. In
any case, vortex imprint must be done in-trap, following
the droplet preparation and before its release. The opti-
cal spoon technique is more invasive and requires longer
equilibration times and it becomes less likely to work ex-
perimentally. Phase imprinting, on its turn, can be done
with high spatial resolution as well as by means of very
short optical pulses, allowing an almost instantaneous
imprint of a vortex. Following the simulations presented
above, the typical times for the observation of vortex dy-
namics for 164Dy range from 100µs to just below 2 ms,
which is short but still within experimental resolution.
For example, for the parameters as in Fig. 2(a), splitting
instability sets on for times t ≈ 103 t0, which correspond
to t ≈ 0.1 ms for 164Dy. Nevertheless, we have also veri-
5fied instances in which the onset of the splitting process
took slightly longer time. This was the case of ε−1dd = 0.6
and N = 105, where t ≈ 45 000 t0, corresponding to
t ≈ 6 ms. Detection, in any case, must be done in situ,
preferably with a levitating external magnetic field gradi-
ent to allow for longer observation times [21]. Extraction
of dynamical properties, e.g., momentum, shape, atom-
number, and/or absence of droplet movement in the cases
covered in Fig. 2, can be done at longer evolution times,
on the order of several milliseconds, when detection is
expected to be easier.
VII. CONCLUSIONS
In this article we studied the stability of quantum vor-
tex lines in dilute self-bound droplets of dipolar atoms.
We first discussed the energetic stability region of such
vortex excitations via a variational ansatz in the gener-
alized nonlocal Gross-Pitaevskii functional that includes
a LHY-type contribution. The region corresponding to
the stationary solutions where EV < 0 is unstable to
fragmentation into two droplets. When this is not the
case we found that Kelvin waves establish along the vor-
tex line, which eventually bends in the central region
of the droplet. We confirmed our findings by detailed
fully three-dimensional numerical simulations of vortex
states created by phase imprinting. The situation where
Kelvin waves start developing has also been predicted to
appear in a similar context of three-dimensional dipo-
lar BECs [11]. Droplets with vortices may thus serve as
promising test-beds to the study of twisted vortex lines
in real-life experiments. An extension of this work would
include the investigation of the excitation spectrum of
these vortex lines, similarly to what has been recently
done in vortex-free droplets [30], and with vortex states
in trapped geometries [56]. These instabilities offer new
opportunities for devising stabilization methods, such as
temporal or spatial modulation of the scattering length
as proposed for nondipolar BECs [57, 58] or pinning po-
tentials [59, 60]. Also, the appearance of vortex arrays
[61, 62] as well as the effects of impurities and turbulence
phenomena may be relevant to current experiments [63–
66].
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